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A relativistic description of isobar configurations in the two-nucleon system is obtained by phe-
nomenologically extending the Bethe-Salpeter-equation to channels comprising configurations of
internally excited nucleons. The generalized equation is then reduced by standard methods to a
three-dimensional relativistic equation. Various possible off-mass-shell extrapolations involved in this
reduction are discussed. The best choice seems to be where the relative energy of the two particles
is fixed to zero. Then all diagonal and transition OBE-interactions do not contain any retardation

and have the normal Yukawa range.

1. Intreduction

Virtual baryon resonance admixtures in nuclei,
the so called nuclear isobar configurations (IC)
have recently turned out to be quite interesting
constituents of nuclei in the realm of intermediate
energy physics. Quite a few theoretical and experi-
mental studies have been conducted to shed light on
those interesting questions as to the strengths of
such isobar configurations and which nuclear prop-
erties or reactions with nuclei are influenced by
them. Reviews may be found in Refs. 173,

The most spectacular reaction in this respect has
been so far the so called spectator isobar production
at the deuteron to determine the content of the
deuteron’s double 4(1236) component?® . In this
reaction a particle of sufficiently high energy kicks
out one of the A’s in the forward direction while the
other “spectator” A recoils in the backward hemi-
sphere. However, also in other reactions like elastic
electron scattering from the deuteron and electro-
and photodisintegration of the deuteron the isobar
configurations have been demonstrated to give quite
substantial contributions?. Interesting effects in
nuclear matter resulting from intermediate virtual
NA and A4 configurations are discussed in Ref. 6.

Despite these different studies the exact strength
of isobar configurations, in particular of the double-
A-component in the deuteron, is still an open ques-
tion. Experimental and theoretical estimates vary
between less than 0.3 to 3 percent* 7 8. It has been
shown that the main uncertainties in the theoretical
predictions do not come from the computational
methods used but rather from unknown properties
of the transition and diagonal potentials of the
isobar configurations and from rather crude model
assumptions, essentially non-relativistic treatment

and off-mass-shell problems °. The latter are expect-
ed to be much more important for IC than for
nucleons in their internal ground state, because the
virtual N*’s are by several hundreds MeV off-mass-
shell. However, without any detailed dynamical
description of the nucleon internal degrees of free-
dom it is difficult to investigate the off-mass-shell
effects.

Also the assumption of nonrelativistic kinematics
is much less justified for IC than for conventional
nuclear physics in view of the on the average higher
momentum components of IC corresponding to
velocities of about v/c =~ 0.3 —0.5. Only in one case
a relativistic description has been given by Weber 8
using a relativistic three-body equation for the
(NN=) -channel with a quasi-particle approximation
for the (Nmz)-system. The results obtained were
qualitatively not so different from the nonrelativistic
treatment.

The aim of the present paper is also to arrive at
a relativistic description of isobar configurations in
the two-nucleon system. However, we shall use a
somewhat different approach. Instead of considering
an intermediate three-particle (NNz)-system we
shall phenomenologically extend the relativistic
Bethe-Salpeter-equation to include internal nucleon
degrees of freedom by admitting additional channels
to the Bethe-Salpeter-amplitude corresponding to
intrinsically excited nucleons, i.e., isobar configura-
tions. This will be outlined in Section 2. In Sect. 3
we will discuss several approximations of the Bethe-
Salpeter-equation for isobar configurations in order
to obtain a relativistic three-dimensional descrip-
tion. A crucial point in these approximations is the
question of how to fix the relative energy pjo— P20
of the two particles corresponding to the relative
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time ¢; —t, . It is closely related to the off-mass-shell
problems. In the final section different off-mass-shell
extrapolations will be discussed in detail.

2. Relativistic Bethe-Salpeter-equation
for Isobar Configurations

A wide class of three-dimensional relativistic
models for a two-particle system starts from the four-
dimensional Bethe-Salpeter-equation 10
for the two-body scattering amplitude M (q’, q| P)

M(q’,q|P)=K(q',q P) (1)
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Fig. 1. Graphical representation of the Bethe-Salpeter equa-
tion for two distinct particles. The dashed lines should
comprise all possible exchanged bosons.

A graphical representation is given in Figure 1.
Assuming that the particles interact by exchange of
a boson, the interaction kernel K contains all irre-
ducible two-particle diagrams. In this case the par-
ticles are assumed not to change their internal struc-
ture during a collision, i.e., internal degrees of free-
dom are neglected except spin and isospin. Here, ¢
and ¢ denote the initial and final relative four
momenta, and P the total four momentum of the
two particles.

g="2p1—"Mp2s P=pi+ps, (2)
N +m=1. (3)

Using the stability conditions for the two-particles
with masses M;, M, and for the bound state
[s=P?>< (M;+ M,)?] one chooses

ni= M (My+My), i=1,2 (4)

to avoid a displaced pole in the Wick rotation .
This choice has also the pleasant feature that it cor-
responds to the usual definition of the relative mo-
mentum of two nonrelativistic particles of unequal
masses. Another choice, which has the same feature
in the nonrelativistic limit, is to choose the relativis-
tic analog of center-of-mass and relative variab-
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q="[(p2P)py — (py"P)pal/s
= (p1—p2) /2~ (p® —p2°) P/2s (5)
from which ¢-P =0 follows. However, one has to be
careful since in the cm-system one always has g, =0
leaving p;( — psy indeterminate. Usually one chooses
equal time, i.e., pyg=pag -

1
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Fig. 2. Exchange interaction for two distinct particles.

Up to now we have assumed that the two inter-
acting particles do not change their mass during the
exchange of a boson mediating the interaction. How-
ever, if there is also an exchange interaction between
the two particles (see Fig. 2), than one has to be
careful in the case where the lowest mass my of the
exchanged boson is smaller than the mass difference
of the two particles M, — M, assuming M,>M,.
Because then the particle of mass M, is not stable if
it is on the mass shell and for s = (2 M, + mg)? one
would have to consider also coupling to the three-
particle state with one additional boson on-mass-
shell. In this case the stability condition for the
bound state is therefore s< (2 M, +mgp)? and one
would choose

7]1:M/(2M1+m8)7 o= (M1+mB)/(2M1+mB)
(6)

to avoid the displaced pole. If s<4 M,;> one could
also choose #;=1/2. This remark is of some im-
portance if we now consider the two-nucleon system
with special emphasis on the internal nucleon de-
grees of freedom. In the usual treatment the nucleons
are assumed not to change their internal structure
and all effects coming from excitation of internal
degrees of freedom are taken into account by effec-
tive operators %12, For instance, the interaction
kernel then contains diagrams with intermediate
isobars, i.e., nucleon resonances (Figure 3). Here
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Fig. 3. Graphical representation of the effective interaction
kernel of the two-nucleon system including intermediate
isobar excitations.
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we shall pursue the alternative way of taking into
account a possible excitation of internal nucleon
degrees of freedom by including configurations of
one or two excited nucleon states into the ampli-
tudes and wave functions. This can be achieved by
simply extending the matrices M and K which up to
now have included only spin and isospin degrees of
freedom to all possible combinations of internally
excited states of the two particles. If one labels these
different intrinsic configurations of the two particles
by n={n;, n,} one obtains a simple generalization
of the Bethe-Salpeter-equation

Mn'n(q,’ Q[P) :Kn'n(q,’ q ] P)

1 T
<+ 7(72 7j4 z f d4k Kn'zz”(q ] k | P)
. G,,”(k, P)Mlz”n(ka q ‘} P) (7)

where M, describes the off-shell scattering ampli-
tude of an incoming two-particle configuration n
leading to an outgoing two-particle configuration n’.
For on-mass-shell particles one would in general
violate unitarity since coupling to other open many-
particle channels are neglected. However, at present
we are interested in two-nucleon states below pion
production threshold, where no three particles states
are open. That means, we only have to insure two
particle unitarity.

Fig. 4. Graphical representation of the generalized Bethe-
Salpeter equation for isobar configurations. The different
shadings should indicate different isobars.

A graphical representation is given in Figure 4.
In particular, we note that some irreducible dia-
grams of Fig. 3 are now reducible. With respect to
the above remark we will choose #;=1/2 for all
configurations n because the mass of the particles
can change during a collision and the energetically
lowest configuration is the symmetric two-nucleon
configuration. The physical picture behind this
choice is that irrespective of the momentary intrinsic
mass of one particle the various exchange inter-
actions will distribute the total energy of the system
evenly between the two particles. Then the lowest
order diagram of the interaction kernel constituting

the OBE-part is given by

Ll q:’,qi P)

: = 5 8
(¢"—q)*—mg? )

Vien(q' g P) =2

B

where I'?,, denotes the appropriate vertex functions,

which are obtained from some effective model inter-

action-Lagrangian. In general they contain also

unknown form factors for the case that the particles

involved in the vertex are off-mass-shell. This poses

a serious problem for any off-mass-shell extrapola-
tion.

3. Approximation by a Three-dimensional
Relativistic Equation

To obtain from this four-dimensional equation a
relativistic three-dimensional equation one usually
replaces the two-particle Green’s function G by an-
other two-particle Green’s function ¢ which produces
only two-particle cuts in the physical region, i.e.,
when both particles are on-shell . Furthermore,
the relative energy g, is fixed by some prescription
depending on the off-mass-shell extrapolation chosen.
One obtains in the first step an equation similar to
the Bethe-Salpeter-equation

Mn'n(q,e q ‘ P) = W,n'n(q,7 q 1 P)
1 .
S < 41 B L |
+(2.’l)4 ﬁfdlleln (Q7k P)
- gn”(ka P)]”u”n(k:q‘l)) (9)
where the effective interaction kernel ¥ is obtained
from a complicated integral equation

Ir:n'u = K/l'// =+ Y Ku'n” (Gn” - gn”) Wn”n #

o
n'

(10)
This equation formally is still equivalent to the
original Bethe-Salpeter-equation (7). To obtain an
approximate three-dimensional equation the relative
energies ¢, , g, and k, are fixed by some specifically
chosen off-mass-shell extrapolation. To solve this
equation is certainly as complicated as solving di-
rectly the original equation (7). However, Eq. (10)
is usually expanded in powers of coupling constants
and one restricts oneself to the lowest order terms.
One has up to fourth order

Win=Von +Vin+ VO (GC-g)V @]y,  (11)
N AT
Wain = * nZ ’:X\ OZ ﬂ(G—g)ﬁ

Fig. 5. The lowest order diagrams of the effective interaction
kernel W for isobar configurations.
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(see Figure 5). The second part of the fourth-order
term corresponding to an iteration of ¥ with an
intermediate propagator G —g involves off-shell
properties of V>, The hope is that with a proper
choice of g one can keep this term small. The restric-
tion to V® constitutes the one-boson exchange
model.

It is well known that this procedure of three-
dimensional reduction of the Bethe-Salpeter-equation
is not unique, not only because of different pre-
scriptions to fix the relative energy but also because
of different possible choices of g. In fact, one has an
infinite number of choices 3. We shall first discuss
two possible choices for fixing ¢, which are in use
for the two-nucleon system:

(i) One particle is put on the mass shell, i.e.,
pio=E1, and gg=E;;,—1/2 VS. Such a prescription
has been considered, for example, by Gross!* and
by Erkelenz and Holinde !> for the two-nucleon sys-
tem. An unpleasant feature of this approach is the
unsymmetrical treatment of the two particles which
has to be taken care of in antisymmetrizing the wave
function. It seems natural that this choice is the
appropriate one for isobar configurations in connec-
tion with spectator isobar production, where the
deuteron is split up by a particle of high energy
knocking out one constituent in the forward direc-
tion and leaving back a spectator isobar on-mass-
shell recoiling in the backward direction. However,
this approach which is quite useful in the pure two-
nucleon case will lead to serious problems if ex-
tended to isobar configurations as will be discussed
soon.

(i1) The other widely used approach has first been
discussed by Blankenbecler and Sugar 6. In this
case the relative energy is fixed by ¢,=0 thus
giving both particles the same energy. One could
also interpret this as putting both particles equally
off-mass-shell. Then one has

Pio—Ei1p=p20—E2 (12)
where
E,=Vp*+M?2. (13)
This gives for the relative energy
go— (Eyg—Es))[2. (14)
80 [(an P +fuP+H)?

" 8EniEny
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If the particles have the same mass one again has
go=0. However, for configurations with unequal
masses the relative energy does not vanish. It seems
reasonable to consider the approach where both
particles have the same energy (g,=0) irrespective
of the intrinsic state for processes where the isobar
configurations remain virtual, i.e., are not brought
on the mass shell.

Before we look into the consequences of the dif-
ferent approaches, we will outline a widely used
reduction to a relativistic three-dimensional equa-
tion. We shall start from following form for the
two-particle Greens-function g, which will allow us
to treat the different cases at once

ds’
gn(k,Psay, B,) = —27 r—
(Mny+ Mny)?
gm) (a, P +ﬂnP+k)g$:;)[(1_an)P,_ﬂnP“k]
where s :P'2 and

]l,,,

(15)

(En [I+ Po)A;;(P) 6(+) (P' ;ZL«) .
(16)

(+)( ) e

Here, M,, is the mass of the i-th particle in the
configuration n,

En,—g = V‘__P2+M72u

and A™(p) projects onto positive energy one-

(17)

particles states of three-momentum p, i.e., only posi-
tive energy states are considered. The parameters a,
and S, may depend on p; and p, but on-mass-shell
normalization would require a,+f,=1/2 if both
particles are on-mass-shell, i.e., p;>=M,%> and
p22=M,2. However, this applies only to the NN-
channel since we will restrict ourselves to the region
below pion production threshold, i.e., s<2 Mx +m,.
Different choices of the parameters a, and f, cor-
respond to different off-mass-shell extrapolations,
e.g., a,=1/2, f,=0 gives in the two-nucleon case
the Blankenbecler-Sugar equation while a,=0,
B, =1/2 puts particle “1” on-mass-shell. Before dis-
cussing the different possibilities mentioned above
we will first proceed in the formal development, in
particular derive an ordinary Lippman-Schwinger
equation. Going into the cm-frame and using

M1 ([(1—a,) P'— B, P— k12— M3,)

0 (3Py —Eng) O[ky+ B Po—Enr(a,)]  (18)
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one obtains

Mn, 1”/1, Enk A1;1 (k) 1 ( - )
In (k’ P; ) ﬁn) =—-2a WEI;, E”2 (E )__ 1P 2 6 [kof nk(an) +/3n 0] (19)
where we have set

E;@: (Enlé+E”gé)/2 ) E;Ig(an) = (1 —an)Enll_c_an Engl\" (20)

This means only positive energy states will occur. Inserted into Eq. (9) this finally gives for the scatter-
ing amplitude in the cm-frame

Mn'n(‘]o,agl, qugipo) =Wn'n(Qo,a q,’ QO’Q}PO) (2 )3 Z fd kWyn (90"] ko’k PO)
]l/llll M"i E+vk /1,“” (k) 17“" —_ lf) u bk p 21
Boralars 1B m wn(kos ks go» g | Po) (21)

where the relative energies g, g, and k, are fixed by
qo=Eng(az) —fn Py (22)

and correspondingly for g, and k,. To transform this equation into an ordinary Lippman-Schwinger equa-
tion one introduces as an effective scattering amplitude

Tn';.l').z',n I1lg (g’9 q “ Po) =Nn'(‘l’) (21, ;‘2, j Mn'n(qo,a g,a 9.9 : Po) ' }*1 ;2> Nn(g) (23)
and an effective potential
Vn'}.{l,’,lll'.llz (g’a g [ PO) :Nn'(g') <;‘1, }'2/ ’ Wﬂ'n(qo,a g,’ 90, (_Z P(}) ';1 ;2> N?l(g) (24‘)

where the relative energies g, and ¢, to be used in these expressions are given in Equation (22). Rela-
tivistic phase space corrections are contained in the factor

Nu(q) = [2Eng My, My  Ep, g Enyg (M, + M) 112 (25)

Here Z; and 7, denote the helicities of particles one and two, respectively. The effective scattering ampli-
tude T obeys the ordinary LS-equation with the effective potential V.

(26)
(ﬂln, + Mn,';) ERE . |
Zfdkynn (g k’PO) (E+ S e T/z n(lfvg<P0)'

Tn'n(g,’g!Po)=Vn'n(g’aq‘P0)_ )) 1p2
_ B

(2

Correspondingly one obtains from the equatlon for the bound state Bethe-Salpeter amplitude v, (g | P)

zl'n(‘IlP) (2 )4 Z fd4kKrzzz (qak‘P) G (k,P)l/'”'(k}P) (27)
the three-dimensional reduction
| 1 |
7/’;1(‘10, qi PO) = - 7(2 ;5537 )2; f d3k sz,(qu ga k09 é | PO)

ﬂ[n, Mn, E ‘1:1—1 (k)A ne (_ )

n,'{r En, k (E+'k)‘) i P z—

5 W (ko k| P,) (28)

where ¢, and k, are given by Equation (22). The transformation to an ordinary Schrodinger-type bound
state equation is achieved by setting

% (]”nl ]”11,)
(Eng)®*— 1P

and using again the effective potential ' of Equation (24). The bound state is denoted by b and will be the
deuteron state for the two-nucleon system. The helicity amplitudes ¢,;,;, play the role of momentum space

(pnlxl,(g) = ]Vn(g) <) /’\ ’/n(‘Io, ‘]) b> (29)
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components of the deuteron wave funcion obeying an ordinary relativistic Schrodinger equation in momen-
tum space
3(My+ M) !

Priil = = (g 1PE 2, (2a)

S BEV 5,4, Wi (g k) Pn' i i’ (B) (30)
This constitutes a set of coupled equations for the various intrinsic components of the deuteron, i.e., normal
part and isobar configurations.

To evaluate the denominator of Eq. (30) which contains the relativistic kinematics one has to distinguish
between configurations where both particles have equal mass and those where the masses are different. In
the former case one has

(Ex)?=g+M,72, M, =M, =M,. (31)
Then using
P2=(2M,—B)2 ~4M,(M,—B) (32)
where M, is the nucleon mass and B the deuteron binding energy, one gets
(Eng)® —1P¢* =+ M,? — My +MyB = ¢*+ (M, +My) (M,,—M,) +M,B. (33)

This is quite close to the expression in the nonrelativistic treatment where one uses ¢+ M, [2(M, — M,) + B].
In the other case, when the masses are different one obtains

(Eag)*—1Pl*=3¢*+3[(g +M3) (¢ +Mz) 1V + 1 (M7, + M7,) — M2+ M, B (34)
which in the nonrelativistic limit reduces to
(En)? =3P =@ +i[ (M), + M,)* —4 M1 + M,y B
=g"~’ +1 (M, +M,,+2My) (M, +M,,—2My) +M,B, 32 <M,. (35)

The last expression is again very similar to the nonrelativistic expression ¢*+ 2 w, (M,, + M, ,—2 M, + B)
where 1, denotes the reduced mass of configuration n.

4. Discussion of Different Off-mass-shell
Extrapelations

The effective interaction kernel W and thus the
effective potential V' depend on the off-mass-shell
extrapolation. We will discuss three cases:

(i) Onme particle is put on-mass-shell. Then the
relative energy in a configuration n is given by
(anz 0, ﬁnz 1/2)

‘IO=En.g—%P0 (36)

and the energy transfer for a boson exchange be-
tween configurations n and n” is

90,_90=En{g'_Emg- (37)

One finds in some cases that the boson can be on-
mass-shell and that the corresponding potential is
complex. For example, if particle “1”” which is on-
mass-shell changes its intrinsic mass one has
(¢ — q)2=mg? for ¢ = g with

= [ (mb+ M3+ M3 )2 — 4 M3y My ]/4 mb (38)

if M, — M, = mg . In this case the transition poten-
tial becomes complex if the particle on-mass-shell

changes its mass and if the mass difference is larger
than the exchanged boson mass, an observation
which has been made already by Partovi and Lo-
mon 7 who used a different g, as will be mentioned
later. However, such a complex potential is rather
artificial and unphysical because there is no decay
channel with real bosons open in the case we con-
sider here where the N*’s are virtual and therefore
the potentials should be real. The origin of this
pathology is the asymmetrical treatment of the two
particles giving them rather different energies which
in turn allows a large energy transfer by a boson
exchange. Thus one should abandon this approach
though it looked so appealing for the description of
spectator isobar production. A possibility to keep
this approach would be to take only the real part of
the potentials in an ad hoc manner as proposed in
Ref. 17. However, this is not a satisfying procedure.

(ii) Both particles are equally put off-mass-shell.
According to Eq. (13) this fixes the relative energy
to

9o = %(Elzlg_En,g) (39)
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which gives a,=1/2 and ,=0. For equal mass
configuration the relative energy vanishes but not
for unequal mass configurations. Consequently, an
exchanged boson transfers again not only momen-
tum in this case but also energy if the initial or final
configuration have unequal masses. The energy
transfer is

qO’ — 9o :% (En,'g' - En,' q — En,q =+ En,g) . (40)

This means that in some cases depending on the
mass differences of the participating configurations
again the exchanged boson can be on-mass-shell.
For example, in the transition N +N— N + N* one
has (¢' — q)?=my?® for ¢= ¢  and

g = [ (4 mp? + Mo2 + M*2)% — 4 My2 M*2]/16 my?
(41)

if M* —M = 2mp. Thus we meet again an un-
physical complex potential for some exchange and
transition interactions. Here we would like to men-
tion that a similar choice for ¢, is given by Partovi

and Lomon 17

go= (M7, — M3,) /P, (42)

which leads to the same problems as mentioned
before. In view of this pathology which also origi-
nates from the different energies of the two particles
in unequal mass configurations this approach should
be discarded, too.

(iii) Both particles have equal energy, i.e., the
relative energy vanishes: ¢, = 0. This is achieved by
setting

Oy = Emg/(En,r_/ +Engg) ’ /311 S 0 . ('1‘3)

It is not surprising that this choice corresponds to
the relativistic center-of-mass relative variables for
the equal time situation. For configurations n where

-
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both particles have the same mass, one has o, =1/2.
The nice feature of this choice is, that the one-
boson-exchange part of the potentials, in particular
of the transition potentials (e.g. N+ N—N*+N,
N+N—N*+N*), is of Yukawa-type with the
normal range given by the mass of the exchanged
boson. No retardation effects occur and all diagonal
and transition potentials are real. In particular, in
the nonrelativistic limit the transition potentials
which have been used up to now in the nonrelativis-
tic treatment are recovered. Furthermore, the sym-
metric treatment of the particles distributing the
total energy evenly between them is quite appealing.

The foregoing discussion shows that for a rela-
tivistic description of isobar configurations in the
two-nucleon system starting from a generalized Bethe-
Salpeter equation and approximating it to a three-
dimensional equation one should give both particles
the same energy, i.e., fix the relative energy to zero,
irrespective of the fact that they could be in a
virtually state. Two other prescriptions for fixing
the relative energy lead to serious problems because
of the large mass differences of the various isobar
configurations involved. A detailed study of this
relativistic model for the deuteron and for the
nucleon-nucleon scattering below pion threshold is
under way and will be reported elsewhere.
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